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Abstract: In this paper, we present an Overview of the Normalization and
Cartesian Product on Intuitionistic Fuzzy Matrices. In the case of
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1. Introduction

In 2014, A. Ejegwa, S.O. Akowe, P.M. Otene and J.M. lkyule [1] introduced an Overview on
Intuitionistic Fuzzy Sets. In 1965, Zadeh [2] introduced the concept of fuzzy sets as an extension to the
theory of ordinary sets. In 1986, K. Atanassov [3] introduced the concept of intuitionistic fuzzy sets,
fuzzy sets and systems. In 2002, M. Pal, S. K. Khan, A. K. Shymal [9] developed a theory for fuzzy
matrices analogous to that for Intuitionistic fuzzy matrices, Intuitionistic Fuzzy Sets. So, the concept of
intuitionistic fuzzy matrices is an extension of the concept of ordinary fuzzy matrices. In 1980, K. H.
Kim and F. W. Roush [7] introduced the concept of Generalized fuzzy matrices to the theory of ordinary
fuzzy sets by assigning to each element in the universe not only a membership degree but also a non-
membership degree. In 2016, E. G. Emam, M. A. Fendh [8] introduced the concept of Some results
associated with the max min and min max compositions of bi fuzzy matrices. In 2006 W. Zeng, H. Li
[5] introduced the concept of some operations on intuitionistic fuzzy sets. In this paper, we define the
normalization of intuitionistic fuzzy matrices and derive some results by using the cartesian product of
intuitionistic fuzzy sets. However, we concentrate our studying to some kinds of intuitionistic fuzzy
matrices, namely, normalization and normalization intuitionistic fuzzy matrices.

In this article, the intuitionistic fuzzy set approach using introduced to intuitionistic fuzzy matrices with
normalized structures. Then a fuzzy set analytical algorithm is developed to aggregate decision attributes
of alternatives for multicriteria decision making problems with intuitionistic fuzzy matrices and
incomplete decision information. A series of non-linear programming models are constructed based on
criteria weights intervals, belief degrees of fuzzy evidential reasoning analytical algorithm, then the
genetic algorithm is employed to solve the non-linear models yielding the minimal and maximal fuzzy
utilities of each alternative. With our anticipated method, procedures involving arithmetic operations is
forementioned literature are not needed, thereby eradicating the limitations in those works.

2. Objectives:

We express the intuitionistic fuzzy matrices and some properties of the normalization intuitionistic fuzzy
matrices are discussed. Intuitionistic fuzzy matrices play an important role in the field of fuzzy system
modelling. Normalization Intuitionistic fuzzy matrices are extension of the intuitionistic fuzzy matrices.
Eleven new operations are introduced over extended intuitionistic fuzzy matrices and over their simpler
cases, such as max min or min max, extended normalization intuitionistic fuzzy matrices. Some
properties of these ideas are discussed and statements are expressed.
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Applications of Normalized Intuitionistic Fuzzy Matrices

Decision Making: When decision-makers face indecision and inconsistent criteria, Normalized
Intuitionistic Fuzzy Matrices can be used to aggregate their preferences, which might be indefinite or
fuzzy. For example, when choosing a supplier, each supplier’s performance across multiple criteria (like
cost, quality, and delivery time) is represented as an intuitionistic fuzzy set. The decision matrix is then
normalized to make it reliable, and the best choice can be determined based on a multi-criteria decision-
making method.

Multi-Criteria Decision Analysis: In Multi-Criteria Decision Analysis, decisions are taken by several
criteria, each with indefinite or inaccurate data. Normalized Intuitionistic Fuzzy Matrices are used to
represent these criteria by their corresponding membership and non-membership degrees. For example,
when evaluating different products based on customer satisfaction, price, and quality, each product can
be analysed using Normalized Intuitionistic Fuzzy Matrices for each criterion. Normalization ensures
that the data is constant and facilitates assessments.

Pattern Recognition: In machine learning and pattern recognition, features of different classes or groups
often contain uncertainty or overlap. Normalized Intuitionistic Fuzzy Matrices can be used to represent
the features of each class with a degree of membership, non-membership, and indeterminacy. By
normalizing the fuzzy matrices, the system can be more efficiently classified to patterns with undefined
or imbrication characteristics.

Control Systems: In fuzzy control systems, the human operators or environments with uncertainty,
Normalized Intuitionistic Fuzzy Matrices can help model and adjust control strategies. These matrices
are used to represent control parameters where the control decision might have many possible outcomes
with varying degrees of membership and non-membership. Normalization helps to guarantee that the
fuzzy rules applied to the system do not lead to erratic or incompatible results.

Risk Analysis: In financial or project risk analysis, the level of risk for different situations can be
expressed using intuitionistic fuzzy sets. Normalized Intuitionistic Fuzzy Matrices can then be used to
represent and normalize these risks based on various limits like probability, impact, and uncertainty.
This helps decision-makers to assess the potential risks and make informed choices.

Medical Diagnosis: In medical decision support systems, patient symptoms, diagnoses, and treatment
methods can be represented using intuitionistic fuzzy sets. Normalized Intuitionistic Fuzzy Matrices
help model the uncertainty essential in the medical data, where symptoms are not always perfectly
matching a disease’s profile. Normalized matrices are used to support diagnostic decisions based on
uncertain medical data, such as in cases of erratic diseases or ambiguous symptoms.

Recommendation Systems: In recommendation systems, user preferences, item attributes, and
recommendation scores are often uncertain or imprecise. Intuitionistic fuzzy sets can represent these
uncertainties, and Normalized Intuitionistic Fuzzy Matrices are used to normalize the scores and
generate personalized recommendations. This is particularly useful in contexts where user preferences
are indefinite or evolving, such as in online shopping, entertainment, or social media.

Data Synthesis: In situations where data from multiple sources is combined, normalization helps to
adjust different data sources into a uniform structure, making it easier to collect the information.

3. Preliminaries

Definition 3.1 A fuzzy set is any set that allows its members to have different degree of membership
function, having interval [0, 1].

Definition 3.2 Fuzzy matrices play a vital role in scientific development. A Fuzzy matrix may be matrix
that has its parts from [0, 1]. Consider a matrix A = [aij]3%3 where aij € [0,1], 1 <j <n. Then Aisa
Fuzzy Matrix.

Definition 3.3 An intuitionistic fuzzy set A in E is defined as an object of the following form A =
{(x, ua(x), va(x))|x € E} where the functions p, : E — [0,1] define the membership and the degree of
non-membership of the elementx € E, respectively, and for everyx €E, 0< pa(x)va(x) <
1. obviously, each ordinary fuzzy set may be written as {(x, pa (x), va(x))1x € E}.

Definition 3.4 Intuitionistic Fuzzy Matrices: Let A= [ajj]mxn and A’ = [a'j;]mxn b€ two fuzzy matrices
such that aj;+ a';; <1for every i< m and j< n. The pair (A, A’) is called an intuitionistic fuzzy matrix
and is denoted by B and then we write B = [b;; = (ay;, a’s;)]

mxn’
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Definition 3.5 Let x be a nonempty universal set. The normalization of an intuitionistic fuzzy set A
denoted by NORM(A) is defined as NORM(A) = {( x, Hnormea)®) + INorma) (X)) © x € X} where

__ba® _ 9a®)-inf 4 (x)) _
MnorMea) ®) = 555 (o oo 2N Inorme (¥) = = re o for X = {x}.

4. The Cartesian Products of Intuitionistic Fuzzy Sets

Definition 4.1 The Cartesian Products of two NIFSs A and B are defined as follows,
The Cartesian product “X;” then

A x; B ={((x,y), 1a (0. up(y), va()-vg(y)) | x € E; &y € E,}.
Definition 4.2 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product “X,” then

A x5 B={((x,y), ua () + 1p(y) — 1aG)- 1B (), va (). VE(Y)) | x € E; &y € E,}.
Definition 4.3 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product “X3” then
AX3B :{((X, ¥), A (). ug(¥), va(x) + vg(¥) — va(x). ve(¥)) | XEE &y € Ez}-
Definition 4.4 The Cartesian products of two NIFSs A and B are defined as follows, The Cartesian
product “X,” then
A X4 B :{«X' Y)l min (HA(X)i HB(Y)); maX(VA(X)l VB(Y))> | X € El&y € EZ}
Definition 4.5 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product “X5” then
A Xs B :{«X' Y)l max (HA(X)i HB(Y)); min(VA(X)i VB(Y))> | X € El&y € EZ}
Definition 4.6 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product of “X” then

A X6 B= {<< X, y>,(uA(X) ‘2|' U-B(Y)’VA(X):VB(Y)) > | X EEl & y EEz}.

Definition 4.7 The Cartesian products of two NIFSs A and B are defined as follows,

The Cartesian product of “X,” then

A x7 B= {<< X, Y>1 min (11 IJ'A(X) + IJ'B(Y))’ max (0, VA (X) +ve (y) _1)> | X EE:1 & y eEZ}'
Definition 4.8 The Cartesian products of two NIFSs A and B are defined as follows,

The Cartesian product of “Xg” then

A X8 B= {<< X, y>1 max (0! HA(X)+ HB(Y) _1)5 min (15 VA (X)+ VB(y)) > | X EEI & y EEz}.
Definition 4.9 The Cartesian products of two NIFSs A and B are defined as follows,

The Cartesian product of “Xq” then

A xgB = {{(X /) ug (), VVa(OVe(y) )| x €E; &y €E,}.
Definition 4.10 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product of “X;,” then

X).
AxnB={(xy), 2 A0, 5 W) | e, &y ).
Definition 4.11 The Cartesian products of two NIFSs A and B are defined as follows,
The Cartesian product of “X;,” then

_ pa(X)+ pg(y) va(x)+ve(y)
A BT 2+ Zoatovsny | X <E1 &Y €Ea}

5. Results:

Main theorem of Normalization on Intuitionistic Fuzzy Matrices Theorem 5.1: If E and F be two
universal sets. For every normalization of an intuitionistic fuzzy matrices are in E and F then A x; B
is also normed intuitionistic fuzzy matrix.

Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(HNORM(GH)(X) ‘9N0RM(911)(X)) (HNORM(GH)(X) 19NORM(elz)(X))
IfA=
(HNORM(€21) x) ‘9N0RM(921) (x) (HNORM(EZZ) x) 19NORM(ezz) (x))
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_ ((HNORM(WM)(Y) INorRM(p,) 7)) (HNORM(WH)(Y) INORM(p,) (V)

(HNORM(WH)(Y) ‘SNORM(pM)(Y)) (MNORM(\VZZ)(Y) 19NORM(pZZ)(}’))

intuitionistic fuzzy matrix. Now applying the cartesian product of “X;” on both sides, we have

_<(“N0RM(eu)(X) Inorm(e,,) (X)) (HNORM(EH)(X) 19N0RM(912)(X))>

AXlB— 1
(HNORM(EZI)(X) 19N0RM(621)(X)) (HNORM(EZZ)(X) 19N0RM(922)(X))
(MNORM(WH)(Y) ‘SNORM(pn)(Y)) (“NORM(\vlz)(Y) 19N0RM(p12)(Y))

<(“NORM(\4/21)(Y) INORM(p,) V)) (“NORM(WZZ)(Y) 19N0RM(pzz)()’))>
Calculate, x11, X412, X1 and x,, , Where
X11 = (“NORM(EH)(X)'BNORM(GH)(X)) X1 (“NORM(WH)(Y):BNORM(pll)(Y))

> is also are normed

X12 = (“NORM(EIZ)(X)'BNORM(GH)(X)) X1 (“NORM(le)(Y)IBNORM(plz)(Y))
X21 = (“NORM(EZI)(X):19NORM(621)(X)) Xl(“NORM(\Vn)(Y)I{)NORM(le)(Y))
X22 = (“NORM(EZZ)(X):SNORM(GZZ)(X)) X1 (“NORM(WZZ)(Y)rSNORM(pzz)(Y))
X11 = (HNORM(EM)(X) X1 MNORM(WH)(Y)); (Onorm(e,,) (X)) X1 INormM(p,,) ))
X12 = (HNORM(EH)(X) X1 MNORM(le)(Y)); (OnorM(8,,) (X)) X1 INoRM(p,) (V))
X21 = (HNORM(621)(X) X1 MNORM(WH)(Y)); (Onorm(8,,) (X)) X1 INorM(p,,) V))

X22 = (HNORM(EZZ)(X) X1 MNORM(WZZ)(Y))’ (SNORM(GZZ)(X)) X1 19NORM(pZZ)(Y))
By using formula of cartesian product of “X;” by

_ HNorm(a) ®) tnorm(s) (Y) InorMm(a) ) —inf (Onorm(a) (X))
AxB= , , : , -
= {<< X y > sup (HNORM(A) (x) sup (“NORM(B) (67] 1-inf (SNORM(A)(X))

>| X EEl &y S Ez}

Inorm (@) V) —inf Onorm(e) (V)
1-inf (Onorm(B) (¥))
X11=( HnorM(e, ) ™®)  HNORM(y, ;)W) ’SNORM(Bl-l)(X)_inf (Onorm(8,) (X))
Sup (WNoRM(e;1) X)) SUP (Myorm(y, ;)3 1-inf (9norRM(8,,) (X))
ﬁNORM(pH)(Y)—inf(f’NORM(pn)(y))>
1-inf (9NoRM(p11) (YD)

X12=( PNORM(e; ) &) HNORM(y,,) ) "9NORM(61-2)(X)_inf (ONoRrM(8,) (X))
SUP (HNORM(e;2) X)) SUP (HnoRM(y,,) ) 1-inf (9NnorM(8,,) (X))
BNORM(plz)(Y)_inf(ﬂNORM(plz)(Y)))

1-inf (OnorRM(p1,) )

Xpy= HNoRM(e)®)  HNORM(y,,) &) ’SNORM(GZ-l)(X)_inf(BNORM(921)(X))_
SUD (ormic (D) SUP Giorm(y,n®))  1-inf (BnoRuaz)(0)
BNORM(p21)(y)_inf(BNORM(pzﬂ(y)))

1-inf (9NORM(pp1) (V)

Xpy= HNORM() ) HNORM(y,,) ™) "9NORM(62-2)(X)_inf(SNORM(OZZ)(X))_

SUD (oRM(cyy (D) SUP Giorm(y,) ) 1-inf (BnoRu(a,)(0)

INORM (p,,) V) —INf(ONORM(p,5) 0’)))
1-inf (9NORM(p,,) (V)

X11 X12\ . .. .
We have, A x;B = (X21 Xzz) is a normalization of an intuitionistic fuzzy matrices.

Theorem 5.2. If E and F be two universal sets. For every normalization of an intuitionistic fuzzy matrices
are in E and F then A X, B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(l»lNORM(E )(X) 19N0RM(911)(X)) (HNORM(G )(X) 19NORM(elz)(X))

IfA — 11 12
(MNORM(€21) (x) 19N0RM(921) (x) (HNORM(GZZ) x) 19NORM(ezz) ®)
_<(“N0RM(\V11)(Y) SNORM(pll)(Y)) (HNORM(le)(Y) 19NORM(pu)(}’))

(“NORM(W21)(Y) l9N0RM(p21)(Y)) (”NORM(WZZ)(Y) 19NORM(pZZ)(}’))
intuitionistic fuzzy matrix. Now applying the cartesian product of “X,” on both sides, we have

) is also are normed



668 Metall. Mater. Eng. Vol 31 (4) 2025 p. 664-678

AR <(“N0RM(e11)(X) INnorM(8,,) X)) (HNORM(EH)(X) 19N0RM(912)(X))>
Xob= 2

(HNORM(GH)(X) 19N0RM(621)(X)) (HNORM(EZZ)(X) 19NORM(SZZ)(X))
((HNORM(WH)(Y) INorM(p,) ) (HNORM(le)(Y) BNORM(plz)(Y))>

(“NORM(WZJ(Y) ‘9NORM(p21)(Y)) (“NORM(WZZ)(Y) 19NORM(pZZ)(}’))
Calculate, X411, X1, X271 and x,, , Where

X11 = (Hyorm(e ) ¥ INorM(e,,) (X)) X2 (“NORM(WH)(Y)JBNORM(pn)(Y))
X12 = (Hyorm(e ) ¥ INORM(B,,) (X)) X2 (“NORM(WH)(Y):BNORM(plz)(Y))
X21 = (HyorM(e,p) ) INORM(B,,) (X)) XZ(“NORM(\VH)(Y):ﬁNORM(pn)(Y))
X22 = (HyorM(e,,) ¥ INORM(B,,) (X)) X2 (“NORM(\VZZ)(Y)rﬁNORM(pZZ)(Y))
X11 = (Hyorm(e ) X X2 “NORM(\vn)(y»' (Onorm(e,) (X)) X2 InorM(p,,) 7))
X12 = (Hyorm(e ) ) X2 HNORM(\VU)(Y))' (ONorRM(6,,) (X)) X2 INoRM(p,,) V)
X21 = (Myorm(e, ) ) X2 HNORM(WH)(Y)), (ONorRM(6,,) (X)) X2 INorM(p,) V)

X22 = (“NORM(EZZ)(X) X2 HNORM(WZZ)(Y))’ (BNORM(GZZ)(X)) X2 1()NORM(pZZ)(Y))
By using formula of cartesian product of “X,” by
AxB={((%, V) Unorm(a) ) + Hnorm@) ) ) bnormM@) ®  Hnorm@) I

sup (uNORM(A)(X) sup (HNORM(B)(Y)) sup (HNORM(A) (x) sup (HNORM(B)(Y))’
Inorm(a) (®)—inf Onorm@) X)) . Inorm(e) (V) —inf (‘9N0RM(B)(}’))>| x cE; &Y € Ey}
1 27

1-inf (9norm(a) (X)) 1-inf (Onorm(B) (V)
:< MNORM(e; ) ) + Mnorm(y, ) &) ) HNORM(eq4) ) ) HUNORM(y,) )
M7\ sup (inormie ) ®  SUP (MnoRM(y, ) ) SUP (iyormee ) ®) SUP (yorm(y, )3
9NoRM(8,,) ®)—inf (INorm(8,,) (X))  INORM(p,y) () —inf (BNORM(pll)(y)))
1-inf (9norM(811) (X)) 1-inf (ONoRM(p11) V)
X{y = ( HNORM(e;5) ) + HI\IORI"[(‘Vu)(y) _ INORM(e;2) ) . HNORM(‘MZ)(Y) ,
SUP (MnoRM(e;2)(X)  SUP (HnoRM(y,,) V) SUP (MnoRM(e; )X SUP (HnorMm(y,,) V)
INORM(8,7) ®)—inf (INoRM(81) (X))  INORM(p,p) () —inf (BNORM(plz)(y)))
1-inf (9NoRM(8,,) (X)) 1-inf (ONoRM(p1) (7))
Xgpq = < MNORM(epp) ¥) + “NORM(W21)(Y) _ HNORM(ep1) ) . ”NORM(‘I/zi)(y) ,
SUP (HNoRM(ez1) X SUP (HnoRM(y,,) V) SUP (MnoRM(e,)X)  SUP (HnorMm(y,,) )

INORM(8,7) ) —Inf (ONoRM(8,1) (X)) INORM(py,) (W) —inf (BNORM(p21)(y)))
1-inf (9NorM(8,1) (X)) 1-inf (9NoRM(p,1) V)
“NORM(Gzz)(X) + “NORM(sz)(Y) _ “NORM(Gzz)(X) . HNORM(‘VZZ)(y)
227\ sup (inorm(e) @ SUP (inoRM(y,,) ) SUP (HNORM(e;)®)  SUP (Hyorm(y,,) )
INORM(82,) X)—Inf (ONORM(8,2) (X)) INORM(py,) (V) —inf (BNORM(pzz)(y)))
1-inf (9NoRM(8,,) (X)) 1-inf (9NORM(py2) V)

X11  X12) . . e .
We have A x; B = (X21 Xzz) is a normalization of an intuitionistic fuzzy matrices.

Theorem 5. 3: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X3 B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(HNORM(EH)(X) SNORM(GM)(X)) (MNORM(elz)(X) 19NORM(eu)(X))
IfA=
(HNORM(621)(X) ‘9N0RM(921)(X)) (MNORM(ezz)(X) 19NORM(ezz)(X))
B (HNORM(WH)(Y) 19N0RM(p11)(}’)) (“NORM(le)(Y) 19NORM(plz)(}’))
- (“NORM(w21)(Y) 19NORM(p21)()’)) (”NORM(WZZ)(Y) 19NORM(pZZ)(Y))
intuitionistic fuzzy matrix. Now applying the cartesian product of “X3” on both sides, we have
(MNORM(GH)(X) 19N0RM(911)(X)) (“NORM(eu)(X) 19NORM(elz)(X))
A X3 B = 3
(MNORM(€21)(X) 19N0RM(921)(X)) (HNORM(GZZ)(X) 19NORM(GZZ)(X))
(HNORM(WH)(}’) l9N0RM(p11)(Y)) (MNORM(%Z)(Y) BNORM(plz)(Y))
(“NORM(\uZl)(Y) INORM(p,) (V) (HNORM(WZZ)(}’) INORM(p,) (V)

) is also are normed
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Calculate, X411, X1, X271 and x,, , Where
X11 = (“NORM(EH)(X)'BNORM(GH)(X)) X3 (“NORM(WH)(Y):BNORM(pll)(Y))

X12 = (“NORM(EIZ)(X)'BNORM(GH)(X)) X3 (“NORM(le)(Y)IBNORM(plz)(Y))
X21 = (“NORM(EZI)(X):19NORM(621)(X)) X3 (MNORM(\VH)(Y)ISNORM(pu)(Y))
X22 = (“NORM(EZZ)(X):SNORM(GZZ)(X)) X3 (“NORM(WZZ)(Y)I{)NORM(pZZ)(Y))
X11 = (HNORM(EH)(X) X3 MNORM(WH)(Y))» (Onorm(e,,) X)) X3 INormM(p,,) 7))
X12 = (HNORM(EIZ)(X) X3 MNORM(le)(Y))» (OnorM(8,,) X)) X3 INoRM(p,) (7))
X21 = (HNORM(EZI)(X) X3 MNORM(\VZJ(Y))' (ONorM(8,,) (X)) X3 INoRM(p,,) (7))

X2 = (“NORM(EZZ)(X) X3 MNORM(‘VZZ)(Y))' (BNORM(GZZ)(X)) X3 19NORM(pZZ)(Y))
By using formula of cartesian product of “X3” by
_ Hnorm(a) X) Hnorm(B) V) InorM(a) (X)—inf Onorm(a) (X))

A B = , , : , -
= {<< X y> Sup(HNORM(A) ) sup (“NORM(B)(Y) 1-inf (SNORM(A)(X))
Inorm@®) W) —Inf OnorME) (Y))  Inorm(a) ®)—inf Onorma) (X))  Inormee) ) —inf OnormE) )

1-inf (Onorm(B) () 1-inf (Onorm(a) (X)) 1-inf (Onorm(B)(¥))
E,}.

_( PNoRM(e ) UNORM(y;;) ) OnoRM(B14) )—Inf ONoRM(8,1) (X))
17\ sup(iyorme, ) Sup (tnoRM(y, ) ) 1-inf (9norM(6,,) (X))
ONORM (p17) ) —1nf ONoRM(p11) ) ONoRM(B,1) X)—INf OnoRM(®B,1) X)) | INORM(p4,) @) —inf ('9N0RM(p11)(Y))>
1-inf ONorM(p11) T)) 1-inf Onorm(e4) X)) 1-inf ONorM(p11)P))
[ HnorM(eg)™® . HNORM(y,,) ) INORM(64,) ) —Inf (ONoRM(8,,) (X)) +
12 SuP(uNORM(elz)(X)) sup (HNQRM(le)(Y) ' 1-inf (SNORM(Olz)(X))
ONORM (p12) ) —Inf (ONORM(p1) )  ONORM(B1,) X)—INf ONoRM(B12) X)) | INORM(py7) ) —inf ('9N0RM(p12)(Y))>
1-inf ONoRM(p4,) T)) 1-inf OnorM(64,) X)) 1-inf (ONoRM(pq,) )

Xor = HnoRM(e,) X HNORM(y,)3)  OnoRM(B,,) () =inf (SNorM(8,1) (X))
21 Sup(“NORM(GZQ(X)) sup (HNOR]\/I(WZI)(Y) ' 1-inf (‘()NORM(921)(X))
INORM(pp1) W) —Inf ONORM(p21) ) INORM(6,1) X)—Inf ONoRM(8,1) X)) | INORM(pyq) ) —inf (SNORM(021)(Y)))

1—inf (BNORM([)Zl)(y)) 1—inf (BNORM(921)(X)) 1—inf (SNORM(‘)21)(y))

- PNORM(e,) ) BNORM(y,,) ) INORM(8,,) () —inf (ONORM(6,,) (X))
227\ suP(iyorM(ery) @) SUP (hyorm(y,,) ) 1-inf (9NORM(025) (X))
ONORM(pz2) W) —Inf (ONORM(p22) )~ INORM(2,) ) —INf (ONORM(6,,) X)) INORM(p,,) (W) —inf (\9N0RM(p22)(Y))>

1-inf (9NORM(p,,) ¥)) 1-inf (ONORM(6,,) (X)) 1—-inf (9NORM(p,,) (V)

X11  X12) . - o .

We have A x3B = (Xz XZ) is a normalization of an intuitionistic fuzzy matrices.

Theorem 5.4: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A x, B is also normed intuitionistic fuzzy matrix.

Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.
(“NORM(EM) (X) 1()NORM(GH) (X)) (HNORM(elz)(X) 19NORM(GIZ)(X))
IfA=
(“NORM(en) (X) 1()NORM(GZI) (X)) (HNORM(GZZ)(X) 19NORM(GZZ)(X))
(HNORM(WH)(Y) 19N0RM(p11)(}’)) (“NORM(\vlz)(Y) SNORM(plz)(Y))
- (“NORM(\V21)(Y) ‘9N0RM(p21)(Y)) (“NORM(\VZZ)(Y) 19NORM(pZZ)(}’))
intuitionistic fuzzy matrix. Now applying the cartesian product of “X,” on both sides, we have
(HNORM(GH)(X) 19N0RM(911)(X)) (“NORM(eu)(X) 19NORM(elz)(X))
A><4B= 4
(HNORM(€21) x) 19N0RM(921) ) (HNORM(GZZ) x) 19NORM(ezz) (x))
(HNORM(\VH)(Y) SNORM(pll)(Y)) (“NORM(le)(Y) 19NORM(pu)(}’))
(“NORM(W21)(Y) l9N0RM(p21)(}’)) (”NORM(\UZZ)(Y) 19NORM(pzz)(}’))
Calculate, X441, X12, X271 and x,, , where
X11 = (MNORM(EH)(X).19N0RM(911)(X)) X4 (“NORM(WH)(Y)JBNORM(pn)(Y))

N x €eEf &Y €

+

+

+

> is also are normed

X12 = (“NORM(EH)(X):8NORM(912)(X)) X4 (“NORM(WH)(Y):BNORM(plz)(Y))
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X21 = (“NORM(EZI)(X)J8NORM(621)(X)) X4 (MNORM(\V21)(Y)"9N0RM(p21)(Y))
X22 = (“NORM(EZZ)(X):‘9NORM(622)(X)) X4 (“NORM(WZZ)(Y)I{)NORM(pZZ)(Y))
X11 = (HNORM(EH)(X) Xy MNORM(WH)(Y))» (Onorm(o,,) X)) X4 INorm(p,,) ))
X12 = (HNORM(EIZ)(X) X4 MNORM(le)(Y))» (OnorM(8,,) X)) X2 INorM(p,) (7))
X21 = (HNORM(EZI)(X) X4 MNORM(\VH)(Y))' (ONorM(8,,) (X)) X4 INorM(p,,) (V))
X2 = (HNORM(EZZ)(X) X4 MNORM(WZZ)(Y))' (ONORM(8,,) (X)) X4 INORM(p,,) (7))

By using formula of cartesian product of “X,” by

_ . Hnorm(a)X) HnormMB) (Y)
Ax4B {((x,y),mln(sup ommc (9)'SUP Ginorme) (y))),max(

Inorm(B) (V) —Iinf OnormB) (V)
il o)) ) X SE1 &Y € Bk

X11= | min HNORM(e31) ) ' HNORM(y,,) ) |
SUP (HNORM(e11) ()" SUP (noRwm(y, ) V)

INORM(A) (X)—inf(ﬁNORM(A) (X))
1 _inf(aNORM A) (X))

max 9INORM(8,) ()=Inf(InoRm(8, (X)) lrj1\10R1v[(p11)(y)—inf(1‘)1\10R1v[(p11)(y)))
1—inf(\9NORM(011)(X)) ’ 1-inf ({)NORM(pll)(y))

X1, = | min HNORM(es) ) ’ HNORM(y,) ) |
Sup (UNORM(e;) X)) SUP (HnoRM(y, ) @)

max 9NORM(812) (X)_inf(‘()NORM(elz) (X)) INORM(p12) W) —inf (ONORM(p12) (Y))>
1—inf(\9NORM(012)(X)) ! 1-inf ({)NORM(plz)(y))

X,1 = [ min MNORM(ez1) ) ' HNORM(y,,) ) |
SUP (HNORM(ez) () SUP (HNORM(v,) )

max ‘9NORM(921)(X)_inf(ﬁNORM(Gzﬂ(X)) lrjNORM(pu)(}’)—inf(\9N0RM(p21)(Y)))
1—inf(5N0RM(921)(X)) ’ 1-inf (ONorM(py1) ()

. HNORM(EZZ) (X) HNORM(WZZ) (Y)
min f '
sup (“NORM(eZZ)(X)) sup (“NORM(WZZ)(Y))

max \9N0RM(922)(X)—inf(ﬁNORM(ezz)(X)) ﬁNORM(pZZ)(Y)_inf(BNORM(pZZ)(Y)))
1—inf(3N0RM(ezz)(X)) ’ 1-inf (ONoRM(p22) V)

X11 X12Y . o o .
We have A x4 B = (Xll Xlz) is a normalization of an intuitionistic fuzzy matrices.
21 22

Theorem 5.5: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

<(“NORM(611) (X) 1()NORM(GH) (X)) (HNORM(elz)(X) 19NORM(GIZ)(X))>
IfA=

(“NORM(en) (X) 1()NORM(GZI) (X)) (HNORM(GZZ)(X) 19NORM(GZZ)(X))
B= <(MNORM(W11)(Y) 19NORM(pll) (Y)) (HNORM(\VH)(Y) 19NORM(plZ)(Y))

is also are normed
(HNORM(WH)(Y) 19N0RM(p21)(}’)) (“NORM(\VZZ)(Y) 19NORM(pZZ)(}’)))

intuitionistic fuzzy matrix. Now applying the Cartesian product of “X5” on both sides, we have
(“NORM(GH) (X) 19NORM(GH) (X)) (“NORM(EH)(X) 19NORM(GlZ)(X))

AxsB= 5
(“NORM(€21) (X) 19NORM(GZl) (X)) (“NORM(EZZ)(X) 19NORM(GZZ)(X))

(HNORM(WH) W) SNORM(pll) $2) (“NORM(‘VH) ) 19NORM(plz)(}’))
(MNORM(WH) ) ‘9N0RM(p21) ) (HNORM(WZZ) () 19NORM(pZZ)(}’))

Calculate, X411, X152, X»7 and x,, , where

X11 = (HNORM(EH)(X).19N0RM(911)(X)) Xs (“NORM(WH)(}’)JBNORM(pn)(Y))

X12 = (HNORM(EH)(X)»19N0RM(912)(X)) Xs (HNORM(\VH)(Y):BNORM(plz)(Y))
X21 = (“NORM(621) (X)'BNORM(SH) (X)) Xs (MNORM(‘VH) (Y):SNORM(p21)(Y))
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X22 = (“NORM(EZZ)(X):SNORM(GZZ)(X)) Xs (HNORM(WZZ)(Y)"9N0RM(p22)(Y))

X11 = (“NORM(EH)(X) Xs MNORM(\VH)(Y))’ (‘9NORM(911) (X)) X5 19NORM(pll) (Y))
X12 = (“NORM(elz)(X) Xs MNORM(\Vlz)(Y))’ (GNORM(Glz)(X)) X5 19NORM(plZ)(Y))
X21 = (HNORM(EZI)(X) X5 MNORM(\VH)(Y))' (ONorM(8,,) (X)) X5 INoRM(p,,) (7))
X2 = (HNORM(EZZ)(X) X5 MNORM(WZZ)(Y))' (ONORM(8,,) (X)) X5 INORM(p,,) (7))
By using formula of Cartesian product of “X;5” by

_ HnorM(a)X) tnorm(e)(Y) .
AxsB {((x,y),max(Sup (om0 S0P Ginorae) (y))),mm(

Inorm(B) (V) —Inf OnormB) (V)
il o)) ) X SE1 &Y € Bk

X11= | max HNORM(es1) ) ’ HNORM(y,,) ) |
SUP (MnoRM(e; ) *)) " SUP (Mnorm(y, ) )

INORM(A) (X)—inf(ﬂNORM(A) (X))
1—inf(8NORM (A) (X))

in ‘9N0RM(611)(X)_inf(‘()NORM(en)(X)) SNORM(pll)(Y)_inf(ﬂNORM(pll)(Y)))
l—inf(ﬂNORM(ell)(X)) ’ 1_inf(6NORM(p11)(Y))

mil
%o = [ max HNORM(e;5) ) MNoRM(y,,) @)
12 SUP (HyorM(e1) X)) SUP (yorm(y,,) D) /'

BNORM(Glz)(X)_inf(eNORM(Blz)(X)) INORM(p;,) (¥)—inf (SNORM(plz)(Y))>
1_inf(‘9NORM(612)(X)) ’ 1—inf (‘()NORM(P12)(Y))

_ MNORM(ep1) ) HNORM(v,,) )
X1 = X ) Il
sup (“NORM(GM)(X)) sup (“NORM(WH)(Y))

SNORM(921)(X)_inf(eNORM(Bu)(X)) INORM (p,1) (¥)—inf (SNORM(pZI)(Y))>
1_inf(‘9NORM(621)(X)) ’ 1—inf ({)NORM(pzﬂ(y))

_ HNORM(e32) ) “NORM(‘I’zz)(y)
X990 = X ) y
sup (“NORM(GZZ)(X)) sup (“NORM(WZZ)(Y))

min
(ma
min
(ma
mi

n ﬁNORM(ezz)(X)_inf(eNORM(Gzz)(X)) ﬁNORM(pZZ)(Y)_inf(BNORM(pZZ)(Y))>
1_inf(‘9NORM(622)(X)) ! 1_inf(‘9NORM(p22)(y))

X
We have A x5 B = (Xi

Theorem 5.6: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X4 B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(“NORM(EM) (X) 1()NORM(GH) (X)) (HNORM(elz)(X) 19NORM(GIZ)(X))
IfA=
(“NORM(en) (X) 1()NORM(GZI) (X)) (HNORM(GZZ)(X) 19NORM(GZZ)(X))
(MNORM(\I/M) (Y) 1()NORM(pll) (Y)) (“NORM(\Vlz)(Y) 19NORM(plZ)(}'))
- (“NORM(\V“) (Y) 19NORM(p21) (Y)) (HNORM(WZZ)(Y) 19NORM(pZZ)(Y))
intuitionistic fuzzy matrix. Now applying the Cartesian product of “X4” on both sides, we have
(“NORM(GH) (X) 19NORM(GH) (X)) (“NORM(EH)(X) 19NORM(GlZ)(X))
AX@Bz 6
(“NORM(€21) (X) 19NORM(GZl) (X)) (“NORM(EZZ)(X) 19NORM(GZZ)(X))
(HNORM(WH) W) SNORM(pll) $2) (“NORM(‘VH) ) 19NORM(plz)(}’))
(MNORM(WH) ) YNORM(p,;) () (HNORM(WZZ) ) 19NORM(pZZ)(}’))

Calculate, X411, X172, X»7 and x,, , where
X11 = (HNORM(EH)(X).19N0RM(911)(X)) X6 (“NORM(WH)(}’)JBNORM(pn)(Y))

Xlz) is a normalization of an intuitionistic fuzzy matrices.
22

) is also are normed

X12 = (“NORM(Elz)(X):19N0RM(912)(X)) Xe (“NORM(WH)(Y):BNORM(plz)(Y))
X21 = (“NORM(eu) (X)'BNORM(SH) (X)) Xe (MNORM(‘VZJ (Y)JSNORM(p21)(Y))
X2 = (“NORM(EZZ)(X)’BNORM(SZZ)(X)) Xe (“NORM(\VZZ)(Y)’SNORM(pZZ)(y))
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X11 = (“NORM(EH)(X) Xe HNORM(\VH)(Y))’ (SNORM(GH) (X)) X6 19NORM(pll) (Y))
X12 = (“NORM(elz)(X) X6 MNORM(\Vlz)(Y))’ (GNORM(Glz)(X)) X6 19NORM(plZ)(Y))
X1 = (“NORM(EZQ(X) Xe MNORM(\Vn) (Y))' (BNORM(Gm) (X)) X6 19NORM(le)(Y))

X2 = (“NORM(EZZ)(X) Xe MNORM(‘VZZ)(Y))' (BNORM(GZZ)(X)) X6 19NORM(pZZ)(Y))

By using formula of Cartesian product of “X¢” by
ENORM(A)X) HNORM(B)¥)
_ sup (uyoRrRM(A)®))  sup (hNorRM(B) D)
A X6 B - {<< X, >1 ) 2 ®) )

SNORM(A) (X)_inf(sNORM(A) (X)) n SNORM(B) (y)-inf (SNORM(B) )

l—i]’lf(ﬁNORM(A)(X)) 1_inf(BNORM(B)(y))
> N x€E; &y e Ey}.
HNORM(eq1)® “NORM(y, )
_ sup (“NORM(ell)(X)) sup (HNORM(Wll)(Y))
X11= > '

noRrM(017) ) 7Inf (OnoRM(611)®) | INORM(pq7) ¥ 7Inf ONORM(py1) D)

1-inf ONoRM(8, 1)) 1-inf ONgRM(p; ) O
2
UNORM (€12)® “NORM(y, )™
SuP (MNORM(e12) ) SUP (hnoRM(y,) V)

eNORM(elz)(x)—inf(SNORM(elz)(X)) N SNORM(plz)(y)_inf (SNORM(plz)(Y))
1-inf ONORM(8,4) X)) 1-inf ONoRM(p;5) )

MNORM(e)® ENORM(y,1) )
sup (”NORM(e21)(X)) sup (HNORM(w21)(y))
2 1

X21=

NORM(8,1) ) 7Inf (ONORM(8,1)®)) | INORM(pz1) W) 7Inf ONORM(p,1) &)

1-inf ONORM(8,1) ) 1-inf ONoRM(pp 1))
2
HNORM (€2) ® FNORM(y,,) Y
SUp (HNORM(epp) )~ SUP (HNORM(WZZ)(Y))
X22 - 2 1

INORM(8,55) ®)~Inf ONORM(6,5) ) N INORM(p5) ) ~INf ONORM(p55) )
1—inf(3NORM(922)(X)) 1-inf (‘9NORM(022)(Y))

_(¥X11 X12
We have A xg B = (X21 Xy
Theorem 5.7: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

) is a normalization of an intuitionistic fuzzy matrices.
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(“NORM(EH)(X) l()NORM(GH) (X)) (MNORM(Elz)(X) 19NORM(GlZ)(X))
IfA=

(HNORM(EZI) x) GNORM(GM) (x)) (MNORM(EZZ) x) 19NORM(GZZ) (x))
_ ((HNORM(WM) &) normepi)(V)) (Bnorm(y,,)¥)  INorm(p,) (V)

is also are normed
(HNORM(WH)(Y) ‘SNORM(pM)(Y)) (MNORM(\VZZ)(Y) 19NORM(pZZ)(}’))>

intuitionistic fuzzy matrix. Now applying the Cartesian product of “X-” on both sides, we have

AoBe <(“NORM(e11)(X) Inorm(e;) (X)) (Hyorm(e,,) ®) 19N0RM(912)(X))) ]
(MyorM(e,n®)  INORM(8,1) (X)) (Hyorm(e,n X INORM(B,,) (X))

<(“N0Rm(\,,11)(5') NorRM(p1) ) (Ryorm(y,,) ) 19N0RM(p12)()’)))
(MNORM(\UZI)(Y) GNORM(pu)(Y)) (“NORM(WZZ)(Y) 19N0RM(p22)(Y))

Calculate, X411, X1, X271 and x,, , Where

X11 = (Hyorm(e ) 3 ONorM(e,,) (X)) X7 (“NORM(WH)(Y):BNORM(pll)(Y))

X12 = (“NORM(EH)(X):‘9NORM(612)(X)) X7 (HNORM(le)(Y),BNORM(pu)(Y))

X21 = (“NORM(€21)(X):SNORM(Gzl)(X)) X7 (MNORM(Wu)(y)ISNORM(pm)(y))

X22 = (“NORM(EZZ)(X):SNORM(GZZ)(X)) X7 (“NORM(WZZ)(Y)rSNORM(pzz)(Y))

X11 = (HNORM(EM)(X) X7 MNORM(WH)(Y)); (Onorm(e,,) X)) X7 INormM(p,,) 7))

X12 = (HNORM(EH)(X) X7 MNORM(le)(Y)); (ONorM(8,,) X)) X7 INorRM(p,) (7))

X21 = (MNORM(GH)(X) X7 HNORM(WH)(Y))' (ONorM(8,,) (X)) X7 INorM(p,,) V))

X22 = (MNORM(GZZ)(X) X7 “NORM(\VZZ)(Y))' (ONoRM(8,,) (X)) X7 INoRM(p,,) (7))
By using formula of Cartesian product of “X,” by
_ ) HNorM(a) X) Hnorm(B) ) SNORM(A)(X)_inf(‘SNORM(A)(X))
A x;B= 1, + , 0, +
X7 {<< X, Y>’ mln( sup (P'NORM(A)(X)) sup (“NORM(B)(Y))) maX( 1_inf(‘9NORM(A)(X))

Onorm®) V) —inf OnormE) )
1-inf OnormB)(Y)) D) x €Ey &Yy & Ep}.

UNORM(e; 1) ) MnoRM(y, ;)W)

SUP(HNORM(EM)(X)) Sup(”NORM(Wu)(y)>

X141 = | min|{ 1,

0 INORM(844) ) —Inf ONorM(B,,) (X))

normM(p; ) ) ZInf OnormMep, ) _ 4

3

5]

>
S

) - + ,
1-inf Onorm(e,4) X)) 1-inf ONorRM(p;1) T)) )))

uNORM(elz)(X) “NORM(WIZ)(Y)

X1z = | min| 1, ,
( Sup(“NORM(elz)(X)) SuP(“NORM(Wu)(Y))

max (0, BNORM(Bl.z)(X)_inf (ONORM(815) (X)) n BNORM(pllz)(y)_inf ONorM(p12)(Y)) 1)
1-inf (9NORM(8;,) (X)) 1—-inf (ONORM(p1,) V)
X,7 =| min| 1, HnoRueyy) 00 + HnorM(y) ) :
SuP(“NORM(EM)(X)) SW(“NORM(wzl)(y))

/-~
=
[s5)
<

S

0 ONORM(8,,) ) —Inf Bnorm(8,) X)) N ONORM(pz1) ) =Inf (INORM(p,) 7)) 1)
’ 1-inf OnorMm(e,4) X)) 1-inf ONorRM(p,1) )

X2 =| min| 1, HNORM (ep) ) HNORM(y,,) ) |
sup(“NORM(ezz)(X)) sup(uNORM(sz)(Y))

<max (0' INORM(8,,) (X)—inf (ONorM(B,,) (X)) n INORM(pz2) V) —Inf (ONoRM(py) (7)) B 1)))

1-inf (ONoRM(8,,) (X)) 1-inf (ONoRM(p,,) (7))

X11

We have A x; B = (X21

X12) is a normalization of an intuitionistic fuzzy matrices.
22
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Theorem 5.8: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A Xg B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(MnorM(e, ) ONorRM(8;) (X)) (Hyorm(e, )X INorM(e,,) (X))
IfA=
(MnorM(e,®) ONORM(8,) (X)) (Hyorm(e,)®)  INORM(B,,) (X))
(MNORM(WM)(Y) INorRM(p,) ) (HNORM(le)(Y) INORM(p;,) V))
- (HNORM(WH)(Y) 19N0I{M(p21)(}’)) (MNORM(\VZZ)(Y) 19NORM(pZZ)(}’))
intuitionistic fuzzy matrix. Now applying the Cartesian product of “Xg” on both sides, we have
(MyorM(e, ) ®)  INorRM(8;) (X)) (Hyorm(e, )X INorM(B,,) (X))
AXgBZ
(MyorM(e,®)  INORM(8,1) (X)) (Hyorm(e,n®)  INORM(B,,) (X))
(Mnorm(y, ) @) InorM(p:) 7)) (Hyorm(y,,) ) InorM(p,) (7))
(MNORM(WZJ(Y) ‘9NORM(p21)(Y)) (“NORM(WZZ)(Y) 19NORM(pZZ)(Y))
Calculate, X441, X1, X271 and x,, , Where
X11 = (“NORM(EH)(X):‘9NORM(611)(X)) Xg (“NORM(WH)(y)IBNORM(pn)(Y))
12 = (MNORM(GH)(X)'{)NORM(BH)(X)) Xg (“NORM(le)(Y)rBNORM(pu)(Y))
X21 = (“NORM(€21)(X):SNORM(Gzl)(X)) Xg (MNORM(Wu)(Y)r{)NORM(pM)(Y))
22 = (“NORM(EZZ)(X):SNORM(GZZ)(X)) Xg (MNORM(WZZ)(Y)fBNORM(pZZ)(Y))

> is also are normed

X11 = (MNORM(GH)(X) Xg HNORM(WH)(Y))' (Onorm(e,) (X)) Xg Inorm(p,,) 7))
X12 = (MNORM(GH)(X) Xg HNORM(%Z)(Y))' (ONorRM(6,,) (X)) X5 INoRM(p,,) (7))
X21 = (MNORM(GH)(X) Xg “NORM(WZl)(y))' (ONorRM(6,,) (X)) X5 INoRM(p,,) V)

22 = (MNORM(GZZ)(X) Xg “NORM(WZZ)(Y))' (ONORM(6,,) (X)) X5 INORM(p,,) (V)
By us ing formula of Cartesian product of “Xg” by
A xg B = {((x, y)max(0 HNorM(a) X) + bnorM@ () 1),min(1 ﬁNORM(A)(X)_inf(‘gNORM(A)(X)) N
' " sup (“NORM(A) (x)) sup (“NORM(B)(Y)) ' ’ 1—inf(BNORM(A) (x))

Inorme) V) —inf OnormB) (V)
1-inf Onorm(B)(¥)) ) ) x €Ey &Y € Ex}.

il (x) HNORM 2
Xll =[ max 0' NORM(€q11) + (Wll) _ 1

1 INoRM(811) X)) —Inf Onorm(0,4) X)) l‘3N0RM(p11)(3’)—inf(1'9N0RM(911)(Y)))
’ 1-inf (9norM(811) (X)) 1-inf (9NoRM(p11) (V)

sup HNORM(elz)(X)) S“p<“N0RM(W12)(y)>

X12_<maX 0, alCHI + HnoRM(u,) V)

in (1 ONORM(8,,) ) —inf (INorM(81,) (X)) N SNORM(plz)(Y)_inf(BNORM(plz)(Y)))
’ 1-inf (9norRM(8,,) (X)) 1-inf (SNoRM(p;2) ()

ey) X B §2)
x5, =[ max/[ 0, HNORM(ez1) 4 —NORM(v,)
sup(HNoRM(ezl)(X)) sup(pNORM(W21)(y)>

min (1 INORM(8,1) X)) —Inf (INoRM(8,,) (X)) n INORM(p,,) V) —inf (3N0RM(p21)(Y)))
’ 1-inf (O9NorRM(B,,) (X)) 1-inf (ONoRM(p,) ()

%,, =| max| 0, HNORM(ezz)(X) n “NORM(sz)(y)
SUP(HNoRM(szz)(X)) Sup(“NORM(wzz) (y)>
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1-inf (ONoRM(8,,) X)) 1-inf (ONoRM(py,) ()

X11 X12) . L e .
We have A xg B = (X21 Xzz) is a normalization of an intuitionistic fuzzy matrices.

Theorem 5.9: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X4 B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

<(“NORM(611)(X) InorM(8,) (X)) (Hyorm(e ) ) 19NORM(eu)(X)))
IfA=

(MnorM(e,®) ONORM(8,) (X)) (Hyorm(e,)®)  INORM(B,,) (X))
_ <(“NORM(W11)(Y) ‘SNORM(pn)(Y)) (MNORM(WH)(Y) 19NORM(plz)(Y))

(min (1’ INORM(8,,) ®)—Inf (ONoRM(B,,) (X)) n INORM(p,,) (V) —Inf (BNORM(pZZ)(Y)))>>

is also are normed
(“NORM(\v21)(Y) INORM(p,,) )) (“NORM(WZZ)(Y) 19NORM(pZZ)(}’))>

intuitionistic fuzzy matrix. Now applying the Cartesian product of “X4” on both sides, we have
(HNORM(GH)(X) ‘SNORM(GH) (x) (HNORM(EH) x) ‘9NORM(912) (x))
AXQBZ 9
(MNORM(GH)(X) UNORM(8,,) (x)) (HNORM(EZZ) (x) UNORM(8,,) (x))
<(“NORM(\VH) ) ‘9NORM(p11) ) (HNORM(le) ) SNORM(plz)(Y))>

(HNORM(WH) (Y) 1()NORM(p21) (Y)) (“NORM(‘VZZ) (Y) 1()NORM(pZZ) (Y))
Calculate, X441, X12, X271 and x,, , Where
X11 = (“NORM(GH) (X), 8NORM(911) (X)) Xg (“NORM(WH) (Y)' 19NORM(pn) (y))

X12 = (Hyorm(e ) 3)» INORM(®,,) (X)) X9 (“NORM(WU)(Y)'BNORM(pIZ)(Y))
X21 = (HyorM(e, ) ¥ INORM(B,,) (X)) Xo (HNORM(W21)(Y)»BNORM(pu)(Y))
X22 = (HyoRM(e,,) ¥ INORM(B,,) (X)) Xo (“NORM(WZZ)(Y)'SNORM(pZZ)(Y))
X11 = (Hyorm(e, ) ) Xo HNORM(WH)(Y)), (Onorm(e,,) (X)) X9 InorM(p, ) )
X12 = (Hyorm(e ) ®) Xo HNORM(%Z)(Y)), (ONoRM(6,,) (X)) Xo INoRM(p,,) V)
X21 = (Mnorm(e,) ®) Xo MNORM(WH)(Y))’ (ONoRM(6,,) (X)) X9 INoRM(p,,) V)
X22 = (MnoRM(e,,) F) X0 MNORM(sz)(Y))’ (ONORM(0,,) (X)) X9 INORM(p,,) (1))

Hnorm(a)®) tnormB) )
sup (“NORM(A) (x)) sup (”NORM(B) )

By using formula of Cartesian product of “Xq” by A x9 B = {((x, y), \/

\/BNORM(A)(X)_inf(ﬂNORM(A)(X)) Inorme) ) —inf OnormE)¥)) ) x eE, &y € E,}
1 1 2 .

1-inf(Onorm(a) (X)) 1—inf Onorm@) Y))

Xqq = Hnorm(ey1) ) HnoRrM(y4) V)
1 sup (“NORM(GII) (x)) sup (“NORM(W11) o)’

Snorm(6,1) X ~Inf Ororm(a;1) *) Inorm(p;1) Y ~nf Onorm(p,) 3
1-inf Oyorm(e,,) X)) 1-inf (Syopm(p,,) )

sup (“NORM(elz)(X)) sup (HNQRm(le)(Y)) '

Snorm(01,) X ~Inf Onorm(e1,) X)) Inorm(p1,) W) ~INf Oorm(py,) V)
1~inf (Byorm(a;,) X)) 1-inf (Oyorm(p,,) 3))

_( “NORM(elz)(X) HNORM(v4,) 42)
X12 =

Xon = HNORM (e, ) X uNORM(\uZl)(y)
21 sup (“NORM(GZI)(X)) sup (uNORM(\pZ1) ) '
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Snorm(6,1) ) ~Inf Onorm(e,1) 3 Inorm(p,1) ¥ ~Inf Onorm(p,,) @)
1~inf (Oyorm(a,,) ) 1-inf (Byopm(py) V)

Xy = HNORM () X HNORM(y55) )
227\ [sup (hyorw(eyy)®) SUP (iorm(y,y) )’

Onorm(6,,) X)~Inf Bnorm(e,,) X)) Inorm(p,,) W) ~Inf (Fnorm(py,) )
1-inf (Oyorm(a,,) X)) 1-inf (Snorm(py,) )

X
We have A xo B = (X;i

Theorem 5. 10: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X, B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(Mnorme;p @) ONormM(8;) (X)) (Hyorm(e,,) X INorM(8;,) (X))
IfA=
(MnorM(e,) X ONORM(8,) (X)) (Hyorm(e,y) X)) INORM(8,7) (X))
(“NORM(WH) (Y) ﬁNORM(pu) (Y)) (HNORM(wlz) (Y) 1‘-)NORM(plz) (Y))
(“NORM(WH) (Y) 8NORM(p21) (Y)) (MNORM(WZZ) (Y) 1‘)NORM(pZZ) (Y))
intuitionistic fuzzy matrix. Now applying the Cartesian product of “X14” on both sides, we have
(HNORM(EH) (%) Inorm(o,) (X)) (MNORM(EIZ) (%) Inorm(e,,) X))
AXloB: X10
(HNORM(EZI) (%) InorM(0,1) (X)) (MNORM(EZZ) (%) Inorm(e,,) (X))
(“NORM(\I’H) (y) ﬂNORM(pll) (y)) (MNORM(‘Vlz)(y) 19NORM(plZ)(y))
(“NORM(WH) (y) 19N0RM(p21) (y)) (HNORM(\sz)(y) 19N0RM(p22)(:Y))

Calculate, x41, x12, X21 and x5 , where
X11 = (MNORM(GH)(x):'9N0RM(611)(x)) X10 (MNORM(WM)()’)'ﬂNORM(pu)(y))

X R . . . .y . . H
XZ) is a normalization of an intuitionistic fuzzy matrices.

> is also are normed

X12 = (HNORM(GIZ)(x):ﬂNORM(Blz)(x)) X10 (MNORM(WIZ)(}’).ﬂNORM(plz)(}’))
X21 = (HNORM(EH)(X), InorM(8,1) (X)) X10 (HNORM(WZI)(}’).'9N0RM(p21)(}’))
X22 = (HNORM(EZZ)(X), INORM(652) (X)) X10 (“NORM(WZZ)(}’)'19N0RM(p22)(y))
X11 = (HNORM(GH)(x) X10 HNORM(WH)(J’))' (Inorm©61) (X)) X10 INORM(p1) (D))
X12 = (HNORM(GIZ)(x) X10 “NORM(le)(y))' (INORM(612) (X)) X10 INORM(p12) (D))
X21 = (HNORM(GZI)(x) X10 HNORM(WH)(J’))' (INorM(©621) (X)) X10 INORM(p,) (D))

X22 = (HNORM(GZZ)(x) X10 “NORM(\VZZ)(y))’ (INORM(622) (X)) X10 INORM(ps) (V)

By using formula of Cartesian product of “X4¢” by
_ Hyorm(a)®) - Byorme )
A B =
*10 {<< x, y>’ sup (HNORM(A)(x))+Sup (“NORM(B) (62)) ’

(Onorm(a) (X)—inf| ('9N0RM(A)(X))) -(Onorm(p)(¥)—inf ('9N0RM(B) (J’))
(1—inf('9N0RM(A) (x)))+(1—inf(l9N0RM(B) (}’)))

oo Enorm(er)® - Hnorm(yy) )
1 Sup(“NORM(ell)(x)) + sup (P-NORM(WII)(J')) ’

2 )>|er1&yeE2}.

2 ('9N0RM(911)(")‘i"f (ﬂNoRM(Bu)(x))) '(’9N0RM(P11)(y)_inf (19N0RM(P11)(Y))))
T AR P o)

ao = HnoRM(egz) ) - HNORM(wlz)(y)
12 SUP(iyoRm(eg0) @) + SUP (tyorm(y ) )

2 ('9N0RM(912)(")‘i"f (ﬂNoRM(Bu)(x))) '(’9N0RM(P12)(y)_inf (19N0RM(P12)(Y))))
T AT P o)
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Xy = HNORM(ep1) ) - HNoRM () 62
2 suP(iyorm(eyy) @) + SUP (yorm(ypy) )

2 (ﬂNORM(HZI)(x)_inf (ﬂNORM(BZI)(x))) '(ﬂNORM(pZI)(y)_inf (ﬂNORM(p21)(y)))>

(1—inf<19N0RM(921)(x))) + (1—inf< ﬂNORM(pzl)(y)))

X = HNORM(eg5) ) - “NORM(WZZ)(Y)
22 sup(“NORM(ezz)(x)) + sup (HNORM(‘VZZ)(y)) '

2 (ﬂNORM(BZZ)(x)_inf (ﬂNORM(BZZ)(x))) '(ﬂNORM(pZZ)(y)_inf(ﬂNORM(pZZ)(y)))
(1—inf<19N0RM(922)(x))) + (1—inf< ﬂNORM(pZZ)(y)))
x X12) . o C .
We have A x10 B = (x:i x;;) is a normalization of an intuitionistic fuzzy matrices.
Theorem 5.11: If E and F be two universal sets. For every normalization of an intuitionistic fuzzy
matrices are in E and F then A X4 B is also normed intuitionistic fuzzy matrix.
Proof: Let us consider A and B are two 2x2 normalization of an intuitionistic fuzzy matrices.

(HNORM(EH) (x) INoRM(017) (x)) (HNORM(EIZ) (x) INORM(612) (x))
IfA=
(HNORM(EZI) (x) INoRM(0,7) (x)) (HNORM(EZZ) (x) INORM(62,) (x))
(MNORM(\VM) (y) 19NORM(p11) (y)) (“NORM(\Vu) (y) 19N0RM(,012) (y))
- (HNORM(WH) (y) 19N0RM(p21) (y)) (“NORM(\VZZ) (y) 19N0RM(p22) (y))
intuitionistic fuzzy matrix. Now applying the Cartesian product of “X441”” on both sides, we have
<(“N0RM(611) (%) Inorm(o,) (X)) (MNORM(EIZ) (%) Inorm(6,) (x))>
AXllB: X11
(HNORM(EZI) (%) Inorm(0,1) (X)) (MNORM(EZZ) (%) Inorm(e,,) (X))
(“NORM(\I’H) (y) ﬂNORM(pll) (y)) (MNORM(‘Vlz)(y) 19N0RM(p12) (Y))
(“NORM(WH) (y) 19N0RM(p21) (y)) (“NORM(WZZ) (Y) ﬁNORM(pZZ) (Y))
Calculate, x11, X12, X21 and X,, , where
X11 = (Myorm(e, ) X ONoRM(B,) (X)) X11 (HNORM(\VH) (), Onorm(p, ) )

) is also are normed

X12 = (Hyorm(e,,) 3)r INORM(8,,) (X)) X11 (“NORM(WU)(Y)'BNORM(plz)(Y))
X21 = (HyorM(e,p) ¥ INORM(B,,) (X)) X11 (HNORM(Wzl)(Y)'SNORM(pu)(Y))
X22 = (HyoRM(e,) ¥ INORM(B,,) (X)) X11 (“NORM(WZZ)(Y)'BNORM(pZZ)(Y))
X11 = (Hyormee, ) ) X11 “NORM(WH)(Y))’ (Onorm(e,) (X)) X11 InorM(p, ) V)
X12 = (Myormee,,) ®) X11 HNORM(WH)(Y)), (ONorRM(6,,) (X)) X11 INORM(p,) (V)
X21 = (Myorm(e, ) B X11 “NORM(w21)(Y))’ (ONorRM(6,,) (X)) X11 INORM(p,,) V)
X22 = (Myorm(e,,) ) X11 “NORM(sz)(Y))’ (ONORM(6,,) (X)) X11 INORM(p,,) (V)

inorm(a) ) + HyormE) &)
2(sup (HNORM(A)(X)) sup (HB(Y)"'l)) '

By using formula of Cartesian product of “X;;” by AxuB={{({x,y),

(ONorRM(A) (X)—inf(l"NORM(A) (X))) +(OnoRrM(B) (y)_inf(BNORM(B) (y))
2((1—if1f(19N0RM(A) (X))) (1—inf('9N0RM(B) (Y)))+1)

)>|XeE1&yeE2}.

UNORM(e11) B+ Hnorm(y, ) )

X11 = ,
Z(S“p(“NORM(eu)(X)) Sup(HNORM(Wll)(Y)>+1)
(OnorRM(8,1) ) —Inf OnorM(8,) X)) + (ONORM(p11) ) —Inf OnoRM(p;1)T)))
2((1—inf(19NoRM(611)(X))) (1_inf(‘9NORM(p11)(y)))+1)
- MNORM(e12) )+ EnorM(y, ) )
X12 = ,

Z(S“p(“NORM(elz)(X)) Sup(HNORM(le)(Y)>+1)

(ONORM(845) ) —Inf (ONoRM(8,5) (X)) + (ONORM(p15) ) —Inf ONORM(p15)F)))
2((1—inf(19N0RM(912)(X))) (1_mf(‘9NORM(p12)(Y)))+1)
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X21 =

X2 =

We have A xi1 B :(

UNORM(ez1) Bt HNORM(y,,) )

2<Sup<“NORM(621) (X)> Sup(HNORM(WZI) (y)>+1)

(ONORM(8,) CO—Inf (OnoRM(B,,) (X)) + (ONORM(p21) () —Inf (ONoRM(p,1) F)))

2((1—inf(9N0RM (621)(X))) (1—inf(3N0RM(p21) (Y)))+1) >

UNORM(e52) B+ HNORM(y,,) )

Z(Sup<“NORM(622)(X)> sup(uNoRM(m)(y)>+1)

(ONORM (8,,) CO—Inf (ONoRM(B,,) (X)) + (ONORM(p2,) () —Inf (ONORM(p22) F)))

2((1—inf(9N0RM (622)(X))) (1—inf(3N0RM(p22) (Y)))+1) >

X1 X12) . o C .
Xll XZ) is a normalization of an intuitionistic fuzzy matrices.
1

6. Conclusion:

In this paper, we present an overview of normalized and intuitionistic fuzzy matrices. In this case we
discussed ordinary fuzzy matrices into normalization on intuitionistic fuzzy matrices of multi criteria
decision making solutions. The cartesian product is utilized to prove several significant results for
normalized intuitionistic fuzzy matrices. And Normalization of intuitionistic fuzzy matrices is a vital
step in many decision-making processes that involve uncertainty and vagueness. By standardizing the
intuitionistic fuzzy values, it ensures that evaluations, aggregations, and grades can be made effectively
and meaningfully. This process improves the reliability of decision-making models and makes them
more useful in real-world situations, where uncertainty is common.
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